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Weighted norm inequalities, spectral multipliers and 
Littlewood-Paley operators in the Schrodinger settings 
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^ \ Abstract In this paper, we establisii a good-A inequality with two parameters in 

["T I ' the Schrodinger settings. As it's appHcations, we obtain weighted estimates for spectral 

r~| ' multipliers and Littlewood-Paley operators and their commutators in the Schrodinger 

j^ ■ settmgs. 

1. Introduction 

> 

•/^ ' In this paper, we consider the divergence Schrodinger differential operator 

(3 ; L = -di{aij{x)dj) + V{x) on M", n > 3, 

C^ . where V{x) is a nonnegative potential satisfying certain reverse Holder class. In this paper, 

^^ \ we always assume that the coefficients of these operators are bounded and measurable, 

and Ojj are real symmetric, uniformly elliptic, i.e., for some b G (0, 1], 

X '■ %■ = ajr, \aij\ < 5-\ m^ < aij^i^j < r^lep. (1.1) 

" " " We say a nonnegative locally L'? integral function V{x) on R" is said to belong to 

-Bg(l < g < oo) if there exists C > such that the reverse Holder inequality 

V'iiy)dy] < C r / „ / V{y)dy\ 



\\B{x,r)\ JB(x,r) ) \\B{x,r)\ JB{x,r) 

holds for every x S M" and < r < oo, where -B(x, r) denotes the ball centered at x with 
radius r. In particular, if 1/ is a nonnegative polynomial, then V G .Boo- Throughout this 
paper, we always assume that ^ y G Bn/2. 

The study of Schrodinger operator Lq = —/\ + V recently attracted much attention; 
see [2, 5, 6, 14, 21, 25, 26]. In particular, it should be pointed out that Shen [21] proved 
the Schrodinger type operators, such as V(-A + y)-iV, V(-A + y)-^/2^ (_A + y)-V2v 



2000 Mathematics Subject Classification: 42B25, 42B20. 

The research was supported by the NNSF (10971002) of China. 



Weighted norm inequalities 2 

with V £ Bn, (—A + vy^ with 7 G M and V G Bn/2-, are standard Calderon-Zygmund 
operators. Later, Auscher and Ah [2] improved some results of Shen [21]. 

Recently, Bongioanni, etc, [5] proved U'{W^)[1 < p < 00) boundedness for commu- 
tators of Riesz transforms associated with Schrodinger operator with BMOg{p) functions 
which include the class BMO function, and they [6] established the weighted bounded- 
ness for Riesz transforms, fractional integrals and Littlewood-Paley functions associated 
with Schrodinger operators with weight Ali'^ class which includes the Muckenhoupt weight 
class. Very recently. Tang [23, 24] established a new good- A inequality, and obtained the 
weighted norm inequalities for some Schrodinger type operators, which include commuta- 
tors for Riesz transforms, fractional integrals and Littlewood-Paley functions associated 
with Schrodinger operators. 

It should be pointed out that the results above were obtained by using sizes estimates 
of kernels of Schrodinger type operators. In some cases, we may meet some Schrodinger 
operators that they do not have an integral representation by a kernel with sizes estimates. 
To deal with latter case, in this paper, we will establish a good-A inequality with two 
parameters in the Schrodinger settings. As it's applications, we obtain weighted estimates 
for spectral multipliers and Littlewood-Paley operators and their commutators in the 
Schrodinger settings. 

The paper is organized as follows. In Section 2, we give some notation and ba- 
sic results. In Section 3, we establish a good-A inequality with two parameters in the 
Schrodinger settings. In Section 4, we obtain weighted inequalities for spectral multipliers 
and their commutators in the Schrodinger settings. Finally, we give weighted estimates for 
Littlewood-Paley operators and their commutators in the Schrodinger settings, in Section 
5. 

Throughout this paper, we let C denote constants that are independent of the main 
parameters involved but whose value may differ from line to line. By A ~ S, we mean 
that there exists a constant C > 1 such that 1/C < A/B < C. 

2. Preliminaries 

We first recall some notation. Given B = B(x,r) and A > 0, we will write XB for 
the A-dilate ball, which is the ball with the same center x and with radius Xr. Similarly, 
Q{x,r) denotes the cube centered at x with the sidelength r (here and below only cubes 
with sides parallel to the coordinate axes are considered), and XQ{x, r) = Q{x, Xr). Given 
a Lebesgue measurable set E and a weight w, |-E| will denote the Lebesgue measure of E 
and oj{E) = J^ ujdx. For < p < cx) 



LHu>) = {l \f{yWu:{y)dy\\ ||/||lp,oo(^) = sup AVP^{|/(y)| > A}. 

V-'R" / A>0 



1/p 

. \\f\\LP>°°(u,'\ = . 
A>0 

If w = 1, we simply denote ||/||lp = \\f\\Lv(^), ||/||lp.°° = ||/||lp.°°H- 
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The function niy{x) is defined by 



1 
my(x) r.>0 1 r"-""^ JB{x,r) 



Pi^) = Z-TZV = sup <J r : -^^ / V{y)dy <l} ■ 



Obviously, < mv{x) < cx) if F 7^ 0. In particular, mv{x) = 1 with V = 1 and 

my{x) ~ (1 + |x|) with V = \x\^. 

Lemma 2.1([21]). There exists /q > and Cq > Isuch that 

^{l + \x- y\/p{x)r''> < 44 < Co (1 + |x - y|/p(x))'«/('«+i) . 
Co p{x) 

In particular, p{x) ~ p{y) if \x — y\ < C p{x). 

In this paper, we write '^e{B) = (1 + r / p{xq)) , where > 0, xq and r denotes the center 
and radius of B respectively. 

A weight will always mean a nonnegative function which is locally integrable. As in 
[6], we say that a weight a; belongs to the class Afi'^ for 1 < p < 00, if there is a constant 
C such that for all ball B = B{x,r) 

We also say that a nonnegative function oj satisfies the A^ condition if there exists a 
constant C for all balls B 

Mpfi{uj){x) < Cuj{x), a.e. x G R". 

where 



Mp,e/(x) = sup — -— — - / \f{y)\dy. 
xeB ^eyB)\B\ Jb 

Since 'i>0{B) > 1, obviously, Ap C Ap for 1 < p < 00, where Ap denote the classical 
Muckenhoupt weights; see [15] and [17]. We will see that Ap CC A!i' for 1 < p < 00 in 
some cases. In fact, let ^ > and < 7 < 0, it is easy to check that uj{x) = (l+|a;|)~'"^''') 
^00 = Up>i ^p ^iid uj{x)dx is not a doubling measure, but uj{x) = (1 + |a:|)^("+'''-' € Aj*' 
provided that V = 1 and ^eiB{xo,r)) = (1 + rf. 

When V = and ^ = 0, we denote Mq^/Ix) by Mf{x){ the standard Hardy- 
Littlewood maximal function). It is easy to see that |/(x)| < Mpfif{x) < Mf{x) for 
a.e. X G M" and d > 0. 

Similar to the classical Muckenhoupt weights(see [15, 22]), we give some properties 
for weight class Af^' for p > 1. 

Proposition 2.1. Let u G ylp°^ = Ue>o ^p ^ for P>1- Then 

(i) If I <pi <P2< 00, then APf C APf. 
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(ii) uj G Af^'^ if and only if oj p^ G A^', , where \/p + \/p' = 1. 

(Hi) If UJ £ AP'°^ , 1 < p < oo, then there exists e > such that uj G Ap^. 

Proof, (i) and (ii) are obvious by the definition of Ali'^ . (iii) is proved in [6]. In fact, 
from Lemma 5 in [6], we know that if w G ^fi'^, then uj G ^Sf", where po = 1 + ^^ < p 
with some 6 > 1{6 is a constant depending only on the RH^°'^ constant of uj, see below) 
and 00 = ^P+^(P-^) with i] = ep+{e + n)^ + {lo + l)n. □ 

The local reverse Holder classes are defined in the following way: uj G RHJf"^, 
1 < q < oo, if there is a constant C such that for every ball B{xQ,r) C R" with r < p{xo), 



1 /■ y/^ 1 /■ 

— — / w{xydx < C—— / w{x)dx. 
\d\ Jb J \-d\ Jb 



The endpoint g = oo is given by the condition: uj G RH^ whenever, for every ball 
B{xo,r) C M" with r < p{xo), 

uj{x) < C- — 7 / w{x)dx, for a.e. x € B. 
\B\ Jb 

From Lemma 5 in [6], we know that if uj £ A^'°° for p > 1, then there exists a g > 1, such 
that UJ G RHq. In addition, it is easy to see that li uj £ RH°^ with \ < q < oo, then 
there exists e > such that uj G RH]f^^. 

Next we give some weighted estimates for Mpg. 

Lemma 2.2([23]). Let 1 < pi < oo and suppose that uj G Afi'^ . If pi < p < oo, 
then the equality 

\Mp^ef{x)\Puj{x)dx <C f \f{x)\Puj{x)dx. 



Furthermore, let I < p < co, uj £ Ap if and only if 

uji{x G R'^ : Mp^efix) > A}) < -^ / \fix)\Pujix)dx. 

Lemma 2.3([23]). Let 1 < p < oo, p' = p/{p — 1) and assume that uj G ^^'' 
There exists a constant C > such that 

\Wp,p'ef\\LP{u)) < C'll/llLP(a;)- 

In addition, Bongioanni, etc, [5] introduce a new space BMOq{p) defined by 

\\f\\BMOg{p)= sup .„^|„| / |/(x)-/B|dx <00, 

SCR" ^ei-DJl-Dl JB 

where /^ = ^iy /^ /(y)dy- 

In particularly, Bongioanni, etc, [5] proved the following result for BMOg{p). 
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Lemma 2.4. Let 6 > and 1 < s < oo. If b e BMOe{p), then 
1 /■ \^/* 



for all B = B{x, r), with x € M" and r > 0, where 6' = {Iq + 1)^. 

Now we define BMOoo{p) = {J9>oBMOeip). Obviously, the classical BMO is 
properly contained in BMOe{p); more examples see [5]. 

Applying Lemma 2.4, Tang [23] proved the following John-Nireberg inequality for 
BMOeip). 

Proposition 2.2. Suppose that f is in BMOo{p). There exist positive constants 
7 and C such that 

^"^P Tr\ "^""P 1 J7\\ vl; (n) \f^^^ ~ -^^1 \ dx<C. 

B \B\Jb [\\j\\BMOg(p)'i^9'[B) J 

We remark that balls can be replaced by cubes in definitions of Ali' , BMOq{p) and 
Mp^e, since ^e{B) < ^e{2B) < 2^^e(B). 

Finally, we recall some basic definitions and facts about Orlicz spaces, referring to 
[20] for a complete account. 

A function B{t) : [0, oo) — t- [0, od) is called a Young function if it is continuous, 
convex, increasing and satisfies <^(0) = and i? — )■ cxd as t — )■ oo. If i? is a Young function, 
we define the B-average of a function / over a cube(ball) Q by means of the following 
Luxemberg norm: 

B,e,„ = mf{A>0:^/^B(^).fe)d.i,<l} 



where uj{y)dy is Borel measure. If A, B and C are Young functions such that 

A-\t)B-\t)<C-\t), 
where A~^ is the complementary Young function associated to A, then 

\\f9\\c,Q,uj < 2||/|U,q,w||5||b,q,w 

The examples to be considered in our study will be A" ^(t) = log(l+t), B^^{t) =t/log(e+ 
t) and C^^{t) = t. Then A{t) ~ e* and B{t) ~ tlog(e + t), which gives the generalized 
Holder's inequality for any cubes(balls) Q 

\f9\^{y)dy < \\f\\A,Q,Lv\\g\\B,Q,iv 



co{Q) Jq 
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holds for any Borel measure uj{y)dy . And we define the corresponding maximal function 

MbHx) = sup ||/||b,q := sup ||/||b,q,i 

Q:x£Q Q:xeQ 

and for < 77 < oo 

MB,p,^f{x)= sup {^r,{Q)r'\\f\\B,Q. 
Q:x&Q 

The examples such as B{t) = t(l + log^t)"(a > 0) with the maximal function 
denoted by Mi^(\ogL)'^^p^n- The complementary Young function is given by B{t) ?« e* with 
the corresponding maximal function denoted by MexpL°',p,ri- In this previous case, it is 
well known that for A; > 1, from the the proof of Lemma 4.1 in [23], we have 

^L(\ogL)k,p,-qf < Cv,kMp^/2kf^ (^T) 

where M ^ ,^^ is the k + 1-iteration of M^ ,^ /2fe . 

For these example and using Theorem 2.1, if 6 G BMOj^{p) and bq denotes its 
average on the cube(ball) Q, then ||(6- hQ)/^!j^,{Q)\\expL,Q < C'||&||bmo^{p)> where r]' = 
(1 + lo)ri > 0. This yields the following estimates: First, for each cube(ball) Q and x £ Q 

(2.2) 



^(Q)V(fcpo+l)|Q| Jq 

<\\{b-bQ)/^r,'m\eZL,Q\\\f\'"/'^V'm\L(lo,L)^r>o 

<C\\btZoM^Lilo,L)''n^,P,,'i\fni^) 
where [s] is the integer part of s. Second, for j > 1 and each Q, 

11(6 - 6q)/^v(2-'Q)L.pL,p,2.Q <\\{b- b2.Q)/^rf{2^Q)\\expL,p,2^Q + l^2.Q " 6q|/^,'(2^Q) 

< Cj\\b\\BMOr,ip)- 

(2.3) 
In addition, for any cube(ball) Q = Q{xQ,r) with r < p{xo), let b € BMOg{p) and bq 
denotes its average on Q, if C(j G RH]?'^ for some q> 1, then by Proposition 2.2, 

\\{b-bQ)\\e.pL,Q,u < CWbWsMOeip), (2-4) 

and 

-^ I \b{y) - bQ\u{y)dy < C\\b\\BMOe{py (2-5) 

3. Two-parameter good-A estimates 

In this section, we always assume that the auxiliary p{x) satisfies Lemma 2.1. 
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Theorem 3.1. Fix 1 < q < oo,a > I, 9 > and uj € RHI"'' with 1 < s < oo 
and 1/s + 1/s' = 1. Then, there exists C = C{q,n,a,uj,s,9) and Kq = KQ{n,a) > 1 with 
the following properties: Assume that F, G, Hi are non-negative measurable functions on 
M" such that for any cube Q = Q{xQ,r) with r < p{xo), there exist non-negative functions 
GsQ and Hqq with F{x) < G8q{x) + Hsq{x) for a.e. x G 8Q and 

iwiL ^««^^^''^^) ' <^iMp,eF{x) + Hi{x)), Vx,xG8Q; (3.1) 

and for any x G M" 

^^P Tahi , GsQ{y)dy+ sup / \F{y)\dy<G{x). 

x&Q,r<p(xo) \°H\ J8Q{xo,r) x£Q,r>p{xo) ^eW)\^\ JQ{xo,r) 

(3.2) 
Then for all X> 0, K > Kq and < 7 < 1 

u{Mp^eF>K\G + H<^\}<c(^^^+^^ \{MpfiF > \}. (3.3) 

As a consequence, for all < p < q/s, we have 

\\Mp,eF\\Lv(^) < C(||G|Up(^) + II/^iIIlph), (3.4) 

provided llMp^gFll^pj-^-) < cx), and 

\\^p,eF\\LP,'^(u) < C'(I|G'||lp,oo(j^) + ||-ffi||LP.°o(w))5 (3-5) 

provided \\Mp^gF\\ip,oot^\ < 00. Furthermore, if p > 1 then (3.4) and (3.5) hold, provided 
F £ L^ (whether or not Mp^F G LP{uj)). 

Proof. We borrow some ideas from [3, 23]. It suffices to consider the case H = G: indeed, 
set G = G + H. Then (3.1) holds with G in place of H and also (3.2) holds with G in 
place of G. 

Since from on we assume that H = G. Set Ex = {x G M" : MpfiF[x) > A} which 
is assumed to have finite measure (otherwise there is nothing to prove). Clearly, E\ is 
an open set. By Whitney's decomposition, there exists a family of pairwise disjoint cubes 
{Qj}j so that Ex = [JjQj with the property that iQj meets £^^, that is , there exists 
Xj G 4:Qj such that MpfiF{xj) < A. 

Set Bx = {Mp^eF > KX, 2G < 7A}. Since i^ > 1 we have that Bx C Ex- Therefore 
^A C Uj ^A n Qj- We first claim that if Qj = Q{xp rj) with rj > p{x^), then 

Bxr\Q3=^- 

In fact, if r > p{xj) and x £ BxHQj^ then by (3.2), we have 

^e[Qj)\Qj\ JQi 
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but 7 < 1, hence, the set in question is empty. 

Hence, we next only consider these cubes Qj = Q{x^,rj) with rj < p{x^). For each 
j we assume that Bx f] Qj 7^ (otherwise we discard this cube) and so there is Xj G Qj so 
that G{xj) < 7A/2. Since MpfiF{xj) < A, there is Cq depending only on n,9,lo,Co such 
that for every K > Cq we have 

iBxHQjl < \{Mp,eF > KX}f]Qj\ < \{Mp^9{Fx8Q,) > {K/Co)X}\ 

< \{Mp,eiGsQ,X8Q,) > i2K/Co)X}\ + \{Mp,eiHsQ,XsQ,) > i2K/Co)X}\, 

where we have used FxsQj < GsQjXsQj + HsQjXsQj a-e- and xsQj is the characteristic 
function of 8Qj. Let Cp be the weak-type {p,p) bound of the maximal function Mp^g. Prom 
(3.2) and Xj £ Qj C 8Qj, we obtain 

\{Mp,e{Gx8Qj) > {2K/Co)X}\ < ^ / GsQ,{y)dy 

KX JsQj 

<^|8Q.|G(x,)|<^|Q,|7. 

Next assume first that q < 00. By (3.1) and Xj,Xj G 8Qj, we obtain 

\{Mp,g{HxsQ,) > {2K/Co)X}\ < (^] J^^ HlQ^{y)dy 

<{j^] \8Qj\aHMp,eF{xj) + G{xj)y 

From the two inequalities above, we get 

Note that uj G RH^'^. If s' < 00, for any cube Q = Q{xo,r) with r < p{xq) and any 
measurable set E C Q we have 

Note that the same conclusion holds in the case s' = 00. Applying this to Bx f] Qj C Qj, 
we have 

u;iBxf]Q,)<C^c(^ + ^y\iQ,). 



Since the Whitney cubes are disjoint we get 



-™<E-(^AnQ.)<^(^ + :^)'^'E-(Q.) = ^(^ + ;^)'^'-(^A 
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which is (3.3). 

When q = oo, then by (3.1) 

||Mp,e(^8Q,x8Q,)lli- < \\H8Q,xsq,\\l- < a{Mp^eF{x^) + G{x,)) < 2aX. 



Thus, choosing K > AaCo it follows that {Mp^Q^HsQ^xsQ ) > (-f^/2C'o)A} = 0. Hence, we 
can obtain the desired result (with K^'' = 0). 

When MpfiF G L^{lo), we show (3.4). If q' < oo, integrating the two-parameter 
good-A inequality (3.3) against pX^^^dX on (0,oo), for < p < oo, 

WaeFfrv, ^ < CKP — + -L] WM^gFE^, , + ±-^\\G\\P, ,. 

II P.f llLP(u) — {RI K J "LP(w) ^p II "LP(i^) 

For < p < q/ s we can choose K large enough and then 7 small enough, we can get (3.4). 
In the same way, if Mp^gF £ LP'°°{uj), one shows the corresponding estimate in U''°^{uj). 

Observe that in the case q = 00, K is already chosen and we only have to take some 
small 7. Thus, the corresponding estimates holds for < p < 00 no matter the value of s. 

Finally, we consider the case p > 1 and F £ L} . By the standard method in pages 
247-248 in [3], we can obtain the desired result. □ 

Remark 3.1. In Theorem 3.1, if g = 00, in fact, we only need uj G ^?^oo ~ 
{jp>i ^^'°^, no matter the value of s. If s > 1 and q < 00, then one also obtains the end- 
point p = q/s. In addition, it should be worth pointing out that Theorem 3.1 generalizes 
Theorem 2.1 in [23]. 

Next we give a application of Theorem 3.1 toward weighted norm inequalities for 
operators, avoiding all use of kernel representation. 

Theorem 3.2. Let 1 < po < qo ^ 00. Let T is sublinear operator acting on L*'". 
Let {Ar}r>o be family of operators acting from L'^ into L^" . Assume that for any 9 > 



xeB,r<p{xo) \coB\ JcoB{xo,r) , , 

1 f ^ ' 

+ sup -^rn^^TT^ L. , \Tf{y)r dy < QM,,e(|/r")(x), Vx g r" 



'^P r^\ [ \T{I-Ar^,^B))f{y)rdy 

3,r<p{xo) |CO-d| JcoB{xo,r) 
1 f 

sup / 

x£B,r>pixo) ^0{B)\B\ JB{xo,r) 

and 

for any ball B = B(xQ,r) with r < p{xq) and all x G cqB and r{coB) denotes cqB radius 
and Co is a constant depending only on n. Let po < p < qo( or p = qQ when go < 00) and 
UJ G ^p/^ n ^^IT/pY ■ There exists a constant C such that 

r/llLPH < C||r/||i.(,) (3.7) 

for all f eL'^^ 



:^(R") 
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Proof. We first notice that Theorem 3.1 still holds if the cubes Q and 8Q in the conditions 
3.1 and 3.2 are replaced by the balls B and cqB respectively, where cq is a constant 
depending only on n. We now consider qo < oo and po < P < Qo- Let / G L^ and so 
F = |T/|*"' G L^. Fix a ball B = B{xo,r) with r < p{xo) . As T is sublinear, we have 

Then (3.5) and (3.6) yield the corresponding conditions (3.1) and (3.2) with q = qo/po, 
Hi = 0,a = 2^0-1(7^0 and G = 2Po-^Mp^0{\f\P^). Since lo G RHJ^^l/py, then one pick 
1 < s < qo/p such that ui G RH^^'^. Thus, Lemma 2.3 and Theorem 3.1 with p/pQ > 1 in 
place of p and s = q^/p yield 

= C||M,,,(|/r)||^,/,„(^^ < C||/||^,M,(^), 

where in the last estimate we have used the fact that there exists ^i > such that co G A''', ^ 
(since u G ^p/^^) and 6 = Oiip/po)'. 

In the case qo = oo and p < oo, Theorem 3.1 applies as before when uj G A^'/^ by 
Remark 3.1. □ 

A slight strengthening of the hypotheses in Theorem 3.1 furnishes weighted L^ 
estimates for commutators BMOelp) functions. For any A: G N we define the A;th order 
commutator 

n^fix) = Tiibix) - bff){x), feL'^,xe R". 

Note that T^ = T. Commutators are usually considered for linear operators T in which 
case they can be alternatively defined by recurrence: the first order commutators is 

T,}fix) = [b,T]f{x) = h{x)Tf{x) - T{bf){x) 

and for k > 2, the kth. order commutators is given by TJ^ = [b,T^~ ]. 

We claim that since T is bounded in L^" then T^f is well defined in L^^^ for any 
< q < Po and for any / G L"^: take a ball B containing the support of / and observe 
that by sublinearity for a.e. x G K" 

k 

\Ttf{x)\ < E C„,fc||6-6B|'~'"|T((6-6B)™/)(x)|. 

m=0 

Lemma 2.4 implies 

, \b{y) - bQrV{y)rdy < C\\f\\%\\b\\7MOo\B\'i'n.poe'{B) < oo. 
Hence, T((6 - 65)™/) G LP" and the claim follows. 
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Theorem 3.3. Let 1 < po < qo ^ oo. Let T is sublinear operator acting on L^". 
Let {Ar}r>o be family of operators acting from L^ into L^". Assume that for any 6 > 

(AtJ |T(/-^,(,„B))/(y)rdy') 

\\coB\Jc^,B{xo,r) J 

1/po (•^•') 



<CeY: «. ^ (J, \|R I / \f(y)r dy 



holds for any ball B = B{xQ,r) with r < p{xq) and -Bj+i = 2^^^cqB, 

\^e{B)\B\ JB{xo,r) J p{ y-^eiBj+iJlBj+il Jb,+i J 

(3.8) 
holds for any ball B = B{xo,r) with r > p{xo) and -Bj+i = 2^^^B,and 



1 



oo 



1 



i- / TiA,^,^s))fiy)rdy) '" <CeY. a, ( \ / \Tf{y)r dy] '" , 

•oB\JcoB J p{ ' \'^e{Bj+i)\Bj+i\JBj+i J 

(3.9) 

holds for any ball B = B{xQ,r) with r < p{xo) and Bj^i = I^^^cqB. Let Po < P < Qo( 

or p = qo when go < ooj and uj G ^^/^ ^-^^iT/pV' VJ^j'^J^ < oo, then there exists a 

constant C such that for all f £ L'^{R'^) and b G BMOe^{p), 

r,VllL.M < C\\b\\^BMOe,{p)\\Tf\\Ln^y (3-10) 

Proof. We only prove the case /c = 1, the case k > 2 can be deduced by induction. Let 
us fix Po < P < Qo and u G ^p/p (^-^-^(T/p)'- ^^ assume that go < co, for go = oo is 
similar. Without loss of generality, b G BMOB,{p)f]L°° and / G LJf , then \T^f\P° G L^. 
Set F = |T^^/|*'". In the proof, we always assume rj > (Iq + l)(6'i + 6*2) large enough and 
7]! = po2^Po^+^r]. 

Given a ball B = B{xo,r), we first consider the case r < p{xo), we set fsb — 
{b^B ~ b)f, B = cqB and decompose Tj^ as follows: 

|T,i/(x)| = |r((6(x) - b)f){x)\ < \b{x) - bj^\\Tf{x)\ + \n{b,s - b)f){x)\ 

< \bix) - bs\\Tfix)\ + |T(/ - A,^s))fB,b)ix)\ + \TA,^s)fB,bix)\. 

We observe that F < Gjj + Hg where 

Gs = 4«(G5,i + Gs,2) = ^''-\\b - b^sriTfr + \T{I - A,^s))fB,bn 
and H^ = 2«'"i|TA^(^)/^ JP". Fix any a; G i?, by (2.1), we have 

^ /_ Gj^^,{y)dy = 7^ f\b- b,^nTfriy)dy < C||6|bMO«,(p)M|^l+^(|r/r")(x). 
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Using (3.7), (2.1), and (2.3), and note that ^J "^ji < °°' ^^ S^t 

i 
If \ 1/Po / 1 /■ \ ^/Po 



\B\ 



l_Gs,2{y)dy^ '' = {^T^J^ni - A,(^S))fB,br(y)dy) 



oo / , \1/P0 



oo 



<CY^aMb-b,s)/%AB,+i)\U,L,B,^,Mb^,i;^+2{\fnn,{x) 



i=i 



<c^ii&iiBMo.,(p)^r'(i/r)^(^)E«.-j 
<c^ii&iiBMo.,(p)M^^i+^i/r)5:^(x). 



Hence, we have 



/ 1 /• \ ^/^" 1 1 

sup ^ _Gs{y)dy) <C(M|^l+'(|T/r)S^(x) + M|;«]+'(|/r)™(x)) 

\a;eB,r<p(a;o) 1^1 "'^ / 

= G(x). 
We next estimate the average of if^ on B with g = qo/po- Using (3.9) with 9 = rji, we get 

< ^E «M vT. rR iiR I L \^fs,i,riy)dy 



1 



<C(Mp,^,F)po(x) 

oo / , \l/po 

+cT.^A^rTR-YE—\ L \b-KBnTfr{y)dy] 

<C(Mp,^,F)i^(x) 

oo ^ 

+C5:a,||(6-64B)/*.(i?.+i)llcxpL,i.,+,M|^]+2(|^p)-(-) 

< C(M,,,,F)i^(x) + C||6bMO«,(,)M^«l+'(|/ro)i^(x). 
for any x, x £ B. Thus 



-^ J_H'l{y)dyj < C(M,,,,F)i;y(x) + M^]+'(|/r)i^(x)) 



C((Mp,^,F)^(x) + Fi(x)). 
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Given a ball B = B{xq, r), we first consider the case r > p{xo), we set fsfi = (&4B — b)f, 
B = B and decompose T^ as follows: 

\Tlf{x)\ = \T{{b{x) - b)f){x)\ < \b{x) - bB\\Tf{x)\ + \T{fB,b){x)\. 

Fix any x & B,hy (2.1), we have 

I -'^ I J B 
Using (3.8) with 6 = rji^hy (2.1) and (2.3), we get 

1 /• V'""' 

\T{fB,,)r{y)dy\ 



^^,{B)\B\Jb 



oo 



<C^a,j||(6-64B)/^,(B,+,)llexpL,B,+lM^0l+2(|/|^0)i^(x) 



i=i 

1 °^ 

<c||6||BMo,,M|?;i+2(l/r)F^(3,)^„^.j 

<C||6||BMO«,M|^l+2(|/r)i^(a;), 

Hence, we have 
/ 1 



sup 



F{v)dyy < C(Mfe;]+'(|T/r)™(^) + M|^l+'(|/r)™(x)) 



^ G(x). 
Thus, applying Lemma 2.3 and Theorem 3.1, we get 

< C||M|^]+^(|/r)||^,/,„(^) + C7||M^l+'(|T/|Po)||^^/^^,^^^ 

if 77 is large enough. D 

4. Spectral multipliers 

Suppose that L is a nonnegative self-adjoint operator acting on L^(M"). Let E{X) be 
the spectral resolution of L. By the spectral theorem, for any bounded Borel function 
F : [0, 00) — )■ C one can define the operator 

roo 



F(L) = / FiX)dEiX), 
Jo 
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which is bounded on L^(R"'). The question of L^ estimates for functions of a self-adjoint 
operator is a dehcate one. In fact, even for a Schrodinger operator H = —A + V{x) with a 
nonnegative potential, and a bound smooth kernel and hence does not fall within the scope 
of the Calderdn-Zygmund theory. The first to overcome this difficulty was Hebish [16]. 
Later, J. Dziubahski [13] gave a spectral multiplier theorem for H^ spaces associated with 
Schrodinger operators with potentials satisfying a reverse Holder inequality. On the other 
hand, X. T Doung, etc [11] showed that a sharp spectral multiplier for a non-negative 
self-adjoint operator L was obtained under the assumption of the kernel pt{x,y) of the 
analytic semigroup e~*^ having a Gaussian upper bound. Recently, T Doung, etc [12] 
generalized the main results [11] to weighted cases; see also [7]. 

A natural problem considered in the spectral multiplier theory is to give sufficient 
conditions on F and L which imply the weighted boundedness of F{L) associated with 
Schrodinger operators. 

In this section, we always assume that L is a non-negative self-adjoint operator on 
L^(R"') and that the semigroup e~ , generated by —L on L^(R"'), has the kernel Pt{x,y) 
which satisfies the following Gaussian upper bound 

\pt{x,y)\ < W-l^ ("i + -^ + -^"j exp f-?'^^) (4.1) 

for all t > , A^ > 0, and x,y £ M", where the auxiliary function p{x) satisfies Lemma 
2.1, Cat depends only N, and 6 is a positive constant. 

Such estimates are typical for divergence Schrodinger differential operator 

L = -di{aij{x)dj) + V{x) on M", n > 3, 

where V{x) £ RHj^/2 is a nonnegative potential, and aij satisfy (1.1) (see [13]). 

Suppose that T is a bounded operator on L^. We say that a measurable function 
Kt : K^" -^ C is the (singular) kernel of T if 

<Tfi,f2>= f Thhdx= f KT{x,y)fi{y)Mx)dxdy 

for all /i, /2 G Cc(R"')( for all /i, /2 G Cc(R"') such that supp/i f] supp/2 = 0, respectively). 

Theorem 4.1. Let T be a non-negative self-adjoint operator such that the corre- 
sponding heat kernel satisfy (4-1)- Suppose that F[0,oo) -^ C is a bounded Borel function 
such that 

sup \\ri6tF\\w^ <Cs<cc, (4.2) 

t>o 

for any s > 0, where 5tF{X) = F{tX), ||F||vi/oo = ||(/ - d"^ /d'^y/^F\\Loo and r] G C^iR+) 
is a fixed function, non identically zero. Then the operator F{L) is bounded on U'{oj) for 
all p and oj satisfying 1 < p < 00 and oj G Afi'°° , and is of weighted weak type (1,1) for 
weights uj G A^'°° . In addition, 

\\F{L)f\\Lviu,)^LHu,) < Cs (sup WrjdtFWw,^ + |F(0)|) , (4.3) 
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for 1 < p < oo, uj G Afi'°° provided that s is large enough, and 

\\F{L)f\\L,^^)^Lp(u) < Cs fsup \\7]StF\\w,^ + |F(0)|) , (4.4) 

\t>0 / 

for UJ G Ai°^ Pi RH2 provided that s is large enough. 

For the commutators for F{L), we have the following results. 

Theorem 4.2. Let T be a non-negative self-adjoint operator such that the corre- 
sponding heat kernel satisfy (4-1)- Suppose that F[0,oo) -^ C is a bounded Borel function 
such that 

sup ||??(5tF||H^oo < Cs < 00, 
t>o 

for any s > 0, where 5tF{X) = F{tX), ||F||vi/jx> = ||(/ - d"^ /d'^y/^F\\Loo and r] £ C^iR+) 
is a fixed function, non identically zero. Let b G BMOq{p) and /c G N, then for k-order 
commutator F^{L), we have 

II^'W/IIlpM < C||fe|lWo«(p)ll/llLPM, (4.5) 

for \ < p < CO, UJ G ^p°^, and 

uj{{x G R" : \Ft{L)f{x)\ > A}) < C<l>(||6bMO«(p)) ^^ ^ (^) ^{x)dx, (4.6) 

where ^{t)=t log(e + tf and uj G ^?'°° fl RHlf" . 

Remark 4.1. Let F(A) = A*^ with 7 G K, F{\) = cos A, F(A) = sin A, or F{\) G 
C(f (0, 00), then these F all satisfy (4.2). 

Remark 4.2. In fact, Theorems 3.1, 3.2, 3.3 and Theorems 4.1 and 4.2 still hold 
on RD spaces; see [25] for more details. 

4.1. Some lemmas 

To prove Theorems 4.1 and 4.2, we need some lemmas. 

Lemma 4.1. Suppose that (4-i) holds. Then for any N > such that 



f \p^{x,y)\^dx<Ct-^ [1 + ^] expl-b"- 

jR"\B(v.r) \ P(V) / \ t 



-\B(y,r) \ p{y) 

The proof is obviously by (4.1). 

Lemma 4.2. Suppose that (4-1) holds. For any s > and N > there exists a 
constant C such that 

l^ \P(l+^r)RMx, y)\'\x - y\'dx < CR^-\l + |t|)^ (^1 + ^) . (4.7) 

where P(i+ir)R-2 = -f^cxp((i+ir)i?-2L)- 
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Proof. Assume ||/||l2 and / G R" \ B{y,r). we defines the holomorphic function Fy : 
{z G C : 7^e z > 0} -^ C by tlie formula 

If let z = \z\e^^ , then 

\\pzi-,y)\\h = \\p\z\ cose {■,y)\\h- 

From this and Lemma 4.1, we get 

< Ci?-"(|z|cos6l)~t. 

Similarly, for ^ = by Lemma 4.1, 

\Fy{\z\)\ <Ci?"|zr"/2e-6r2/kl_ 

Combining the inequalities above and Lemma 9 in [9] (see also the proof of Lemma 4.1 in 
[11]), we have 

|F,((1 + iT)fl-2)| < Ce-'<'-«/»+l'l»". 

Hence, we have 

\p(i+iT)R-'4x,y)\'^\x - y\'dx 

t^QJk{l+\T\)R-^<\x^y\<{k+l)(l+\T\)R-^ 

t^O JR"\B{y,{k+l)il+\r\)R-^) 

( 1 x-^ 

<CK'-'{\^\t\Y 1 + 



Rp{y), 

Thus, (4.7) holds. □ 

Applying Lemmas 4.1 and 4.2, and adapting the similar arguments in the proof of 
lemma 4.2 in [11], we can obtain the following result. 

Lemma 4.3. Let R > 0, s > 0. Then for any e > and N > 0, there exists a 
constant C = C{s, e, N) such that 

L \^f,^lA^ + R\-- y\rd^ < CR- (i + j^y^ ¥nn'w:;,,^ 

for all Borel functions F such that supp F C [i?/4, R\ . 
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Lemma 4.4. Suppose uj G A'l' f]RH2. Let rj = 39 + {Iq + 2)n, then for any 
s > n + 2rj such that 

I {l + R\x-y\y'uj{xfdx<CR'''{l + rRT+^'^~'(l + -^\ "^ uj{y?- 

JM"\Biy,r) \ T p{y) J 

Proof. Let rji = 29 + {Iq + l)n. Assume that rR > 1. Then 

/ {l + R\x-y\yuj{xfdx 

< V / {R\x-y\)-'uj{xfdx 

^J2fer<|a;-y|<2'=+ir 



2 / ^fc+l^\2'?l 



ujyx 

p{y) 

fc>0 



<CY.{2\Rr+-{M,My)? ( 1 + ^(^) 



2^+1 -A 2^' 



2'^+Vi?^ 



2r; 



/ 1X2*? 

/ 1 \ 2^? 

< C(ri?)-+"+2r,^(y)2 (^1 + -^^-^ j , 

since s > n + 2rj. 

If ri? < 1, note that s > n + 2ry, we then have 



/ {l + R\x-y\Y'u{xfdx< f uj{x) 

Jr" J\x~v\<1/R 



2dx 

\x~y\<l/R 



+ V2-'=M Lo{xfdx 

t^l J2''/R<\x-y\<2''+^/R 

/ 1 \ 2*7 
< Ci?-" y 2^(-*+"+2'')tt;(y)2 1 + 

t^n V Rp{y)J 



fc>0 

< CR'''w{yf [ 1 + 



1 \2'' 

I Rp{y)) 



Applying Lemmas 4.3 and 4.4, and adapting the similar arguments in the proof of 
Theorem 3.1 in [11], we can obtain the following result. 
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Lemma 4.5. Suppose uj G A^' (^RHlf^ and r] = 36 + {Iq + 2)n. If for any 
s > n/2 + rj such that sup ||??(JtF||tyoo < Cs, then 



^\B{y,r) 

where <I>r(A) = exp(— (Ar)^). 



/ I^F(i-$ )(^/L)(^^y)\^(^)'^^ - Cuj{y), a.e. y 



(4.8) 



Lemma 4.6. Suppose uj £ A''{^ f] RHl^" and b G BMOq, (p). Let r? = (/q + l)Oi + 
36* + (/q + 2)n, then there exists s > n + 2ri such that 



L 



\B{y,r) 



\b{x) - bsWl + R\x - y\yuj{xYdx 



< c^ii&iiImo,,(p)^""(i +^^r+'''"M 1 + 



1 X"^'' 



rp{y) 



^(y)^ 



where y £ B = B(xq, r) with r < p{xq) and bs is the average on B. 



Proof. Let r]i = 26 + {Iq + l)(n + 6*1). Assume that rR > 1. Since 00 G RH^"", So 

loc 

27 



oj G i?i?|°^ for some 7 > 1. Let I/7 + I/7' = 1. Then 



\b{x) - bsril + R\x - y\)-'uj{xYdx 

'\B{y,r) 

< V / \b{x) - bB\'^{R\x - y\)-'ujixfdx 



\ — s+n 



1 



< y{2''rRy , ,^, , , 

" fcVo (2fc+ir)« 7|.-,|<2fc+i 



|6(a;) — 6^1 uj{x) dx 



\ — s+n 



1 



< y(2Vi?) , , .^1 , , 

/ 1 



|6(x)-6B|2T'dx 



1/7' 



1/7 



(2fc+lr)" 7|^_j,|<2fe+lr 



(a;(a;))2Tdx 






^IIImo.,(p)E(2'-^) 



— s+n 



1 



fc>0 



(2^+1, 



''J J\x~y\<2l'+^r 



uj{x)dx 1 + 



2fc+l^\2'?i 



p(y) 



2k+^rRV'" 






2fc+V\^'' 



fc>0 



/ 1 \2^ 

w{yf[l+ ^ 



/ 1 X^*? 



Rp{y)) 

\2r, 

Rp{y)) 
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If rR < 1, similarly, we have 

\b{x) - 6bP (1 + R\x - yiy'coixfdx 



< / \b{x)-bB\'^uj{xfdx 

J\x-y\<l/R 



+ V2-^^/ \b{x)-bBfuj{xfdx 

^1 J2f^/R<\x-y\<2''+i/R 



D 
Applying Lemmas 4.3 and 4.6, and adapting the similar arguments in the proof of 
Theorem 3.1 in [11], we can obtain the following result. 

Lemma 4.7. Suppose oj G A^'^ f] RHlf" , b G BMOe^ (p) and 1] = {Iq + 1)6*1 + 36' + 
{Iq + 2)n. If for any s > n/2 + r] such that sup ||?7(5iF||vi/o° < Cg, then 

\^Fa-<i>r)(VL)(^'y)\\^(^) -bB\^ix)dx < C\\b\\BMOoAp)^iy)i 
l"\B{y,r) 

where $r(A) = exp(— (Ar)^), y £ B = B{xq, r) with r < p{xq) and bB is the average on B. 

Lemma 4.8([23]). For any a ball B = B(xQ,r), if r > p{xq), then the ball B 
can be decomposed into finite disjoint cubes {Qi}i=i^m such that B C \J^ Qi C 2y/nB and 
Ti/2 < p{x) < ^^JnC^ri for some x £ Qi = Q{xi,ri), where Cq is same as Lemma 2.1. 

4.2. Proof of Theorem 4.1 

In this section, we borrow some ideas from [12]. We first prove (4.5). Since cj G ^p'°°, 
then there exist pQ > 1 and > such that uj G A^', by Proposition (iii). We will show 
that for any r/ > 



xeB,r< 



sup -^ f \T{I-A,^,^,B))f{y)rdy 

•r.^pixo)\CoB\ JcoB{xo,r) ,^g. 



+ '^p ^ rmiRi / \Tfiy)r dy < cM,,,{\fn{x), vx G 

T.^Rr>n(x,A ^« -D -D JB(x,ur) 



x(^B,r>p{x{)) 



for ah / G L^(R"). 

Let us now prove (4.9). Observe that sup ||r/5i-F|| v^'oo r^ sup ||??(5iG||vK°° where G{X) 

F(\/A). So, we can replace F{L) by F{VL) in the proof. Notice that F(A) = F{X) 
F(0) + F(0) and hence 

F(/L) = (F(-) - F(0))(^/I) + F(0)/. 
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Replacing F hy F — F{0), we may assume in the sequel that -F(O) = 0. Let (p £ C^(0, oo) 
be a non-negative function satisfying supp 99 C [\,l] and Z]£-oo 9^(2"'^) = 1 for any 
A > 0, and let (pi denote the function (p{2^'--). Then 

00 00 

F(A) = J2 9'(2"'A)F(A) = ^ F\X), VA > 0. (4.10) 

l = — 00 l = — OD 

This decomposition implies that the sequence J2i=~n F\\^) converges strongly in L'^{R''^) 
to F{^/X). 

We first consider the case B = B{xQ,r) with r < p{xo). For every I £ Z,r > 0, 
M G N and A > 0, we set 

Fr,M(A) = F(A)(l-e-('-^)™)^, (4.11) 

Fl^j^{X) = F{X){l-e-(^^-'n^, (4.12) 

We use the decomposition / = J2'jLo fj in which fj = fxu(B)-> where Uq{B) = cqB := B 
and Uj{B) = 2^ B \ 2^-^B for j = 1, 2 • • •. We set rs = cqt, then 

F(^/Z)(l - e-^l^)^/ = Fr,,M{^)f 

2 N 00 (4.13) 

3=1 '^^'^l=-Nj=3 

where the sequence converges strongly in L^(IR"). 

Note that ||e~*^/||ip(Rn) < C||/||j;^p(Rn') for any t > 0, and the L^-boundedness of 
the operator F{\/L){see Theorem 3.1 in [11]), for any x £ B, we have 
/ , \i/po 

-— / \Fr^,MiVL)f,r dy < C|i?|-l/P0||i7^^_^(/c)/,||iP0(M") 

\\CoB\ JcoB{xo,r) J (-4_]^4) 

<cMp,,,(i/r)i/po(^), 

for j = 1,2. 

Fix j > 3. Let pi > 2 and = ^. Adapting the same arguments in pages 

1117-1119 in [12], using Lemma 4.3 with A^ = 0, we have 

/ , \1/P0 

— -/ \Fl^^Mi^)fjrdy] 

\\coB\ JcoB{xo,r) ''' J 

<C|B|-iM||F/^^j^^(/L)/,||iPi(K„) 

< C|B|"^/Pl||F^^^j;^(VZ)||^PO(C/j(B))^LPl(B)ll/illLPO(R") 
<C2^-('7+n)/P0|i3|i||i7^^^^(/C)||^,0(^^.(^))_,^,,(^)M,,,(|/|«')l/P0(^) 

< C72-^'^+-'(''+")/Po (min{l,(2VB)2A'^}max{l,(2VB)t} 



xM,,^{\fr"y/P^^{x)snp\\6Av>iF]\\w,^ 
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Hence, 



oo oo 



^=3l=.^\\CoB\JcoB(xo,r) J 

oo I oo 

jr=3 y=— OO 

xM,,,(|/r)iM.(^)sup||52.biF]|ki- 

/« , (4.15) 

oo / 

i=3 \i:2'rB>l «:2'rs<l 



xM,,,(|/r)VPo(^)sup||52,[v^,F]|| 



vyp 



«GZ 



iez 



if s > n + ry and M > s/2. 

We now consider the case B = B{xQ,r) with r > p{xq). Let / = Yl'j^ofj i'^ which 
/^. = fxu^{B) where C/o(5) = B and [7^(5) = 2^5 \ 2i-^B for j = 1, 2 • • •. We write 



N oo 



F(^/L)/ = ^ F[^)f, + hm 5: ^ F'(VI)/„ 



where the sequence converges strongly in L^(M") 
Similar to the proof of (4.14), we have 



/ 1 f \i/P« 

— — — / \F{^)f,rdy] < C{%{B)\B\r'/P»\\F{VL)f,U,o(Mr^) 

for j = 1,2. Fix j > 3. Let pi > 2 and -^ — ^ ~ h- ^^ Holder inequality, for any x & B, 
we have 

\F{VL)f,rdy] 



^'^ri{B)\B\ JB(xo,r) 

<C\B\-yP^^r,{B)-^/P"\\F^{^)fj\\LPliM-) 

<C\B\-^/P^\\F^i^)h.o(U,(B))^L^.(B)^viB)-'/P'm\L^Oiu-) 
<C2^-(^+n)/P0|iJ|i||i7i(/c)||iP0(C/,(B)HLPl(B)Mp,,(|/r)VP0(a;). 
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Let ^ = f + i^ and ^ = |, that is 6* = 2(^ - i). By interpolation, 

< \\F (v-£')||^2(^^.(5))_^^oo(5)||-?^ W ^)\\l^{Uj{b))^l°<'{b)^ 

where F{L) be the operator with multipher F, the complex conjugate of F, and F satisfies 
the same estimates as F. 

Next we estimate ||-F''(v^)||l2(-^,(-^))_^^oo(^-). For every / G Z, let Kpi{VL){y, z) be 
the Schwartz kernel of operator F {\/L). Then 

= sup/ |i^^!(\/L)(y,z)p(iz (4.16) 

< C2-2si(2V)-2*sup / |i^^i(v/Z)(2/,^)p(l + 2'|2/-z|)2^(iz. 
Applying Lemma 4.3 with F = F^ and R = 2\ we then have 

r" 

2V(y) 



^^ |i^p.(^/I)(y, z)\\l + 2% - z\rdz < C2'" (l + ^) \\5AFWv 



< C2'"min{l, (2Vmi<52.biF]||2^^^, 

since r > p(a;o), so there a constant C such that p{y) < Cr for any y £ B{xo, r) by Lemma 
2.1. 

By (4.16) and (4.17), we get 

II^'(v^)IIl2((7,(B))^L°°(B) 

(4.18) 
< (2-2«J2'"(2'r)-2^min{l, (2'r)^})^^^ \\62i[(piF]\\w^. 

Now, we estimate ||F'(vL)||l2(^,(-5))_^j;^oo(5). The calculations symmetric to (4.16) with 
supj^g^ replaced by sup^g[/,(g) yield. Then by Lemma 2.1, we have 



L2(t/,(B))^L-(B) 



\F\VL)\\j 

<C2-2-^-2'"(2V)-2^ sup^ (^1 + -^^) ||<52.(fO|P^oo (4.19) 

< C2-2«J'+J'^Wao+i)2'«(2V)-2^min{l, (2V)^}||<524v?«F]||^^. 



Weighted norm inequalities 23 

Combining (4.18) and (4.19), we get 

1 r \ ^^'^° 

\F{VL)f,rdy] 



\%{B)\B\jB 
< C2-^s+j(r!+n)/po+jNlo/2(lo+i)^2^^)-' (min{l, (2V)^} max{l, (2V)t}) (4-20) 

Therefore, 

l/po 



oo oo / -. „ \ 



<C^2-J'*+-'('?+")/P«+-''^'«/2('o+i) J2 (2V)-^min{l,(2V)^}max{l,(2V)t} 

j=3 \l=~oo 

xMp,^{\f\P^>y/p^^{x) sup \\S2i[ipiF]\\w^^ 

oo / 

< CV 2"-^'''+-''(''+")/P°+-''^'°/^('°+^M y (2^)""*+^ + y (2V)^"'' 

j=3 \l:2h>l l:2h<l 

<CMp,r,{\fn^^P'{x) sup \\5^i[ipiF]\\w^^, 

(4.21) 
ifN>s>n + r] + N/2. 

Combining estimates (4.15) and (4.21), we have proved (4.9), and then estimate 
(3.5) holds. Note that T = F{L) and A^g = I — {I — e~^s^)^ commutes, it is easy to see 
that 

Prs/llL-(c„B) < CMp,,(|/|P«)™ (x) V X G CoS. 

From this, (3.6) holds. Thus, (4.3) is proved. 

Let us turn to prove (4.4). We will adapt some similar arguments in [17, 10]. We 
set Lo G A^^' with ry > 0. We know that uj € A^'^' C A^''^ for every 1 < p < oo. Then 
F{\/L) is bounded on L'^{uj) for 1 < p < oo. On the other hand, it is enough to prove 
the desired inequality for / € L^. If A > 0, we consider the variant C alder on- Zygmund 
decomposition of / at level A (ref [8]) and there exists a collection of balls {Bi} such that 
{x G R" : Mp^fjf(x) > cX} = IJj Bi, where c is a positive constant depending only on n. 

Now we decompose f as f = g + h = g + J2i hi, where 



^^""^ = f^'^^^^-XU.B.+T.^-^- 



.ryl I fiy)piiy)dy] xb^x), 



hi{x) = f{x)pi{x) - 1 ^ (B-)\B-\ Jb ^^y^p^'^y^'^y) ^^m), 
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/ \ XBi(x) 1 ^ ^-y 

Pi{x) = — '-^Xu,B, and Xu,B, < C. 

2—ij /CBj(x) 

From these and the definition of Mp^^f{x), we have 

If we denote Q = U A := U A(a;j,rj), then |/(x)| < A a.e. x G M" \ il, and \g{x)\ < C^X 
a.e. X G R". Observe that 

uj{x G R" : |F(/L)/(x)| > A} < uj{x G M'^ : |F(\/Z)5(z)| > A/2} 

+uj{x G R" : \F{^/L)h{x)\ > A/2}. 

Since F{yL) is a bounded operator on L'^{uj). Then 

C f C f 

uj{x G R" : \F{^)g{x)\ > A/2} < ^ / |5(x)|^u;(x)dx < ^ / \gix)\u;{x)dx 

^ I llfllrl.,A+ , 



<y II/IIlim+/, \9{x)\u{x)dx 



<j\\f\\LH.y 



Let us deal with F{\/L)h. Set tj = r? and write 

/i(x) = Y, hi{x) = Y,(.AtMx) + (.Mx) - AtMx))), 

i i 

where At^ = e~*'^. Note that for any A^ > 2(/o + 1)??, we have 

|Ai,/l^(x)|<C^t^^%upe-^l^-^l'/(*») / (l+U/p\y)y''\b,{y)\dy 
yeB, Jb, ^ ' 

<C^tr^\\^Ulp\x,^y''l^''^^^^ f {l + U/p\y)y''My)\dy 

< Wr'^ (1 + t./p2(x,))-^/'('"+') sup e-^l--^lV(4*.)vi;,^(ij^)-i / |5^(y)|dy 

ydB, JB, 

<C^A|i?.|(l + t./p2(a;,))-^/2('»+i)tr"/2 inf e-^l--^l'/(^*') 

JR" 

If < u and ||u||L2(jin) = 1, by the weak type (1,1) of Mp^^^, we get 

/ (j2\AtMix)\]<x)dx<C f M,,X?/)xu.B.(y)rfy<A'/'||/|lii(R„). (4.22) 

«/ JR \ ■ / •/ JR 

From this, we know that the above two series converge in L^(R"). 
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In addition, it is easy to see that 
uj{x G R" : \F{^)h{x)\ > A/2} < uj{x G M" : |F(/L) | ^(At^/ij) j (x)| > A/4} 

+u;{x G R- : |F(^/L) ( ^(/i^ - AtM)] ix)\ > A/4}. 
Since T is bounded on Lp'iuj), we have 
c.{x G R" : |F(/L) fe(A^.)) Wl > A/4} < -^ ^^ \F{Vl) fe(^t,^*)) {^)\M^)dz 

II X — ^ 1/1 T 1 2 — ii2 

i 

We consider < u G L^(R") with ||tt||£,2 = 1. We apply (4.22) to uoj'i , by the weighted 
weak type (1,1) of Mp^^(see Lemma 2.2), we then have 

/ I ^|Ai^/iipw5 J u{x)dz< CX / Mp,^(iia;5)(x)x|j^B^(x)(i2; 

< CA||Mp,^(nw2)||i2(^-i)||xy^Bj|L2(a;) 



Ili(w)- 
Hence, 

LO I X 



G R- : \F{Vl) (T^^uh] {x)\ > X/a\ < |||/||^i . (4.23) 



On the other hand, set Bi = 2Bi, we then have 

a; |x G R" : \F{VL) [Y.{h, - AtM^f)] {x)\ > A/4 

\x)| > A/4 



GR": \F{VL) (^2{h^ - AtMU 

< u (U, B,)+uL€ R" \ Ui B, : \F{L) (s^ihi - AtMi)] (a 
<uj(\JiRi)+^J2 f ~ \H^){h^ - At^hi){x)\uj{x)dx 



For /i, since oj G A^^^ , we get 



/i<CV "^l^^l y(i3,)|i3,| 
A V ^„CB,- LBJ is, 



^tE/ \f{x)\M,^r,^{x)dx<^ I \f{x)\u{x)dx. 

J ■* 
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By Lemma 4.5, we then have 

^ \F{VL){hi-At^hi){x)\u;{x)dx 



<C f My)\u;{y)dy 

<C f \fiyMy)dy + CXojiBi). 

•IB, 

Combining (4.24) and (4.25), we get 

/2 < Y / \f{x)\oo{x)dx. 
Thus, (4.4) holds. D 

4.3. Proof of Theorem 4.2 

We first prove (4.5). In fact, adapting the similar proof of (4.3), we can prove (3.7), (3.8) 

and (3.9) hold, if sup ||77(5j-F||vi/°° < Cg for s large enough. We omit the details here. 
t>o 
It remains to prove (4.6). We borrow some ideas from [19, 18]. We consider the case 

/c = 1, the case fe > 2 is similar. We give the same C alder on- Zygmund decomposition and 

g and h functions as in the proof of (4.4). Observe that sup Hr/JiFHt^j^ ~ sup ||77(5tF||vi/j«, 

t>o ° t>o 

where G{\) = F{^/\). We write Fb{VL)f{x) = F^{^/L)f{x). Then, 

uj{x G M" : \Fb{VL)f{x)\ > A} < uj{x G M" : \Fb{VL)g{x)\ > A/2} 

+uj{x £ R" : \Fh{VL)h{x)\ > A/2}. 

Since Fi,{y/L) is a bounded operator on L'^{uj). Then 

C f C f 

uj{x G M" : \Fi,{y/L)g{x)\ > A/2} < ^ / \g{x)\'^uj{x)dx < — / \g{x)\uj{x)dx 

A^ Jk" a Jr" 

< J (Wfhl+J ^ \9{x)\u;{x)dx] < |||/||ii. 

Let us deal with Fi){VL)h. Set ti = rf and write 

h{x) = Y, Hx) = Y^^AtMx) + (hiix) - AtMx)))- 

i i 

Similar to the proof of (4.23), we have 

0. |x G R" : |F,(^/L) (y2^t^^] (x)| > A/4| < j\\f\\m^y 
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In addition, set Bi = 2Bi and Q = [J^Bi, we then have 

<oj{n)+ujlxeR''\n: \Fhiy/L) Ij2{hi - AtM)] {x)\ > X/A 

:=//i+//2- 
For III, similar to the proof of (4.24), we get 

Ih<Y f \fix)Hx)dx. 



For III, we have 



Il2<io{xeR''\n: \Fi,{^) \Y.ihi- At^hi) {x)\ > A/8 



\i&Ei 



+w i X G R" \ f] : |Ffe(/L) \Y.{h^- At^h,) {x)\ > A/8 



\i£E2 



<io\xeR^\n: I5](fe- hB,)F{^) {{hi - At^hi)) {x)\ > A/16 



ieEi 



+w <^ X G R" \ f] : \F{^/L) J] (6 - ^^^(/li - At^) Wl > A/16 

r' ^ 

+w <^ X G R" \ J] : |F5(^/L) ^ (/i, - At^hi) {x)\ > A/8 

where -Ei = {i : rj < p(xj)} and E2 = {i : Vi > p(xj)}, i?i = B{xi,r,i) and 6^^ is the 
average on B^. 

To estimate //2I1 by Lemma 4.7, we have 



//21<tE / ^\b{x)-bB^\F{y/L){{h^-At^hi)){x)\uj{x)dx 
X ^^^^ JM^\n 

- T 51 / ~\Kx)-hB,\ \Kp,^_j,^,,rj^.{x,y)\\hi{y)\dyuj{x)dx 

X .^^Jw.«\Q JBi ^ ^tiAVi^j 

- T 51 / l^^(?^)l / ~ l^(^) - bB,\\Kp,,j_^ .,^Ax,y)\uj{x)dxdy 
<tE / My)\oj{y)dy<^ f \f{x)\u;{x)dx. 
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For 1/22 ; by (2.4) and (2.5), from Theorem 4.1 (b), we obtain 
C 



II22 < T XI / l^(^) ~ bB,\\hj{x)\u}{x)dx 
<tT. f \Hx)-bBMf{x)Hx)dx 

+T E ^ / \fiy)\dy I \b{x)-bBMx)dx 

A .t^ \Bi\ Jb, Jb, 



ieEi 1^*1 •^^' •^^' 



<^J2 ^{m\b\\BMOeip)\\f\\io,LA,. + y E T§r I \f(y)\dymBMo,ip) 

<^J2 ^{BMb-bBMc.,.L,B.,. (a + -^|^ c^ (^)^(y)d2/ 



ie-El 



^ i&E, l^^l ^^' 

< C / <!> f ^) a.(x)dx. 
JR" V A / 



For //23. If J G -E'2) by Lemma 4.8, for any a ball Bi = B{xi,ri), then the bah B 
can be decomposed into finite balls {Qi}f=i, there exists a constant L depending only 
on n such that at most L balls are disjoint each other, and B C IJ™ Qj C 2nB and 
^j/2 < p{x) < 2nCori for some x £ Qj = Q{xl,rj). Let /i^ = hiXn^nB^ ^^ have 

//23 < a;{y G R" \ f] : ^jeE, E IK^) " 6Q.||F(^/I)((/ii - A^Dix)] > A/16} 
+u{yGR^\n: \F{VL) | E.ei^, E(6(x) - fe^.O/iiJ (x)| > A/16} 

Similar to the proof of 1/23 ' note that rj ^^ pixj), by Lemma 4.7, we then have 
//21 < y E E / ~ IK^) - Vll^(^) (^ - ^*'^')) (^)l'^(^)^^ 






l7 ■" f . r 

^jT. EL l^^(y)l L„,2o^- 1&(^) -&Q^ll^F(/-AO(v/r)(^'2/)l^(^)^^^y 



jeEa i=i '^i n -s^ '^ ie-Bz -^^ 
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c 

< T- / \f{x)\uj{x)dx. 



Similar to the proof of 1/22, set // = fXninB^ '^^^^ *^^^ ''i ~ Pi^l)-: ^^ then have 






',L,Ql,u} 



< Y E E^Wi) i^ + ^.Lr. m{y)\/)^)^{y)dy\ 

C v- Luj(2nBi) f ,,,,,, 
<CY.L{2nB,)+ I ^{\f{y)\/\)u{y)dy + \ I \f{y)\uj{y)dy 

<C j ^ (\iML\ u;{x)dx. 

In the last inequality we used the following fact that (see the proof of (4.24)) 

V L^{2nB.i) < ^ / \f{x)\oo{x)dx. 

Thus, (4.6) holds. D 

5. Littlewood-Paley operators 

Let L be the same as Section 4. We define the Littlewood-Paley operator for x G M" and 

/ G i'(K"), 

9Lm=[f{tL)y'e-'^f{xr^Y\ 
We have the following L^ estimates. 

Lemma 5.1. Let 1 < p < oo, then 

lbL/l|LP~ll/l|LP, yfeLPf]L\ 
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Lemma 5.1 is a special case in [1]. 

We have the following weighted estimates for Littlewood-Paley operators. 

Theorem 5.1. Let gi he defined as above. 

(a) If 1 < p < oo and lo G ^p°^, then 

I|5l/||l.h<C||/|Up(^), V/GL-, 

(b) If 1 < p < oo and uj G A^'°^, then 

II/IIlpM<C||<7l/||l.h> V/GL^fl^'' 

(c) IfujeA^{°°, then 

lbL/||Li,oo(^) < C||/||ii(,), V/GL-. 

We also define the commutator for the Littlewood-Paley operator for x G R" and / G 

L2(R"), 

p1 J(^) = [I m^'e-^Hbix) - 6(-))V(x)|^y) . 

We give the following weighted estimates the commutator for the Littlewood-Paley oper- 
ator. 

Theorem 5.2. Let k £ N and b G BMOeip). 

(a) If 1 < p < oo and uj G AP'°° , then 

\\9L,bf\\LP{w) < C'||6||^MOe(p)ll/llLPH' 

(b) IfujeAP{°°, then 

uiix G M" : \glJix)\ > A}) < CHMBMOeip)) l^ <& (^) ^i^)dx, 

where ^{t) = tlog(e + t)'^. 

Before we begin the arguments, we recall some basic facts about Hilbert-valued extensions 
of scalar inequalities. To do so we introduce some notation: by Ti. we mean L^((0, oo), -j) 
and II • II denotes the norm in Ti. Hence , for a function /i : R" x (0, oo) — )■ C, we have for 

X G M" 

/ /-oo ^+\ 1/2 

||7^(x,.)ll = (y^ \h{x,t)\'jj . 

In particular, 

gLfix) = ML,.)f{x)\\ 

and 

glj{x) = ML,.){b{x)-b{.))'^f{x)\\ 

with (p{z,t) = {tzY'^e'^^. Let L^{oj) be the space of ^-valued LP(a;)-functions equipped 

with the norm 

i/p 



L?,H = (^JIM^,-)irda;(x)y 
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Lemma 5.2([3]). Let fi be a Borel measure on R". Let 1 < p < q < oo. Let D 
be a subspaces of Ai , the space of measurable functions in K" . Let S, T be linear operators 
from V into M.. Assume there exists Ci > such that for all f £ V, we have 

||T/|U,(^)<Ci^a,||5/||i,(^^,,^), 

where Fj are subsets of M" and aj > 0. Then, there is an Ti-valued extension with the 
same constant: for all / : M" x (0, oo) — )■ C such that for (almost) all t > 0, f{-,t) G D, 

\\Tf\\Li^M<C\J2^ASf\\Li^iF„,y 
i>i 

5.2. Proof of Theorem 5.1(a) 

Since w G ^^'°^, there exist 1 < po < p and 9 such that oj G ^p/„ • We are going to apply 
Theorem 3.2 with k = 0, T = gL,Ar = I - {I - e'"'^^)^ , M G N large enough. We first 
show (3.9) holds for all / G L^ and any r/ > 0. 

Let 1 < m < M. U B = B{xo,r) with r < p{xo), B = cqB, Bj = 2^+^B, 
Cj{B) = Bj \ Bj_i for j > 1, and g G L*"' with supps- C Cj{B), by (4.1), we have 

l/po 



l|e-"^^'^<7|lLo.(5) < C,2^(-+^h-^'' I I \grdx] . (5.1) 

\^^[Bj)\Bj\ Jc,{B) J 

Lemma 5.2 applied to 6* = /, T : LP" = Lpo(R") -^ L'^'iW) given by 



Tg = {C,2^^-+'^e--*')-'\^^XBe'-'''iXc,iB)9) 



yields for any qq satisfying po < qo < cc 

\ 1/*) 
^g{x,-)rdx] <C 



/ 11 -^rnr^L, 



ri) -a4^ 


/ 


1 


■[ . 

JCjiB) 

\ 

]P"dx 

/ 


\9r 

l/po 


'dx 
) 


^Ipo 


1 


.^^ 


JC,{B) 


(5.2) 
(5.3) 


*r,(S,)l 


B,| 



\\B,\JB 
Since (5.2) holds for any po < ^Zo < oo , so 

||e-™'-'^<7(x,-)IL^(B) < Ci2^-("+'')e-"4^' 

for all g G Ll^ with supp (7(x, •) C Cj{B) for each t > and some a > 0. 

For h G L^, we write h{x,t) = 2j%(a;,t), x G K", t > 0, where hj{x,t) 

i>i 
/i(x,i)xc (_B)(^)- Using (5.3), we have for 1 < m < M, 



Mxr)llllLoo(B)<Elll|e"'"' V^'OllllLooCiJ) 



i>i 
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Take h{x,t) = {tLf^e-^^fix). Since gif{x) = \\h{x,-)\\ and f e L^,he L^ by Lemma 
5.1 and 

gL{e-"''-"''f){x) = ^" |(tL)V2e-*^e-™'-'V(x)|2^y ' = ||e-™^'^/i(x, OH- 
Thus, (5.4) implies 

and it follows that g^ satisfies (3.9). 

We now show (3.7) with A; = holds for all / G L^ and any r/ > 0. Set B = B{xq, r) 
with r < p{xo), B = cqB. Write / = 2_\ fj ^^ before. If j = 1 we use that both g^ and 

i>i 
(/ — e~^ ^)^ are bounded on L^", then 

For J > 2, we observe that 

<7l((/ - e-^^)^/,)(x) = (1^°^ |(tL)V2e-*^(/ _ e-^^)^/,(x)p^) ' 



1/2 



ML.-)f,{x 



3\-^i l\\^ 



where (p{z,t) = {tz)^''^e *^(1 — e ^ ^)^. Then ip{z,t) is a holomorphic function in J2 
{z £ C* : \arg z\ < /i} with fi £ (j^, vr), where u G [0,7r/2) is defined by 

iy = snp{\arg<Lf,f>\: f€V{L)}. 

Assume that u<9<v<^< 7r/2. As in [1], we then have 

ip{L,t) = e~''^r]+{z,t)dz + e~''^r]^{z,t)dz, 
where r± is the half-ray R+e=^*(''/2-0)^ 

r/±(^,t) = ^£e«XC,t)d?, z€T±, 
where j± being the half-ray R'^e^^'^ and r± is the half-ray R+e^*^'^/^"^). Note that 



tl/2 ^ 



l^±(^'*)l ^ ^(|z|+t)3/2(|^|+t)M 
Thus, 



,2M 

, zeT±,t>o. 



'CO 



tV2 ^2M ^^\1/21 ^2M 



^^^^'•)"-U (N+t)3/2(|.|+,)M7 



— U|M+1 • 
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Applying Minkowski's inequality, by (4.1), we get 
e-'^fj{x)r]+iz,-)dz 



1 
W\JB 



Pa \ 1/Po 

dx 



1 



Po \ 1/po 



^^W\1b\Jt |e"'U-(x)|||r?+(z,-)|||d^| ^a; 



< 



l(^/.i^""-^'<^'i'""^) 



l/po r-2^ 



IM- 



-\dz\ 



< (72-' ("+'') 



< (72-?' ("+*?- 2M) 



n/2 



4J.2 ^M 



■ds 



l/po 



%{B,)\B,\JB, 



\ l/po 

\frdy] 



lirdy 



provided 2M > n + rj. This plus the corresponding term for r_ yield 
\B\Jb^^''^ ' ^^' ) - [%,iB,)\B,\JB, 



l/po 



\frdy 



(5.6) 
Combining (5.5) and (5.6), we obtain (3.7) holds whenever 2M > n + rj. 

We now show (3.8) with A; = holds for all / G L^ and any r/ > 0. Set B = B(xQ,r) 
with r > p{xo). Write / = ^ /, = ^ fxc,(B), Bj = T+^B and C,{B) = Bj \ i?,_i. 

i>i i>i 



(f;;(lM/Bi'^^'i™^""' ^ ^ (*7wL' 



l/po 



i/r°dx 



(5.7) 



For j > 2, we observe that 

9L{fj){x) = 
where <^{z,t) = (tz)^'^e*^. The functions Tj±{-,t) associated with (/?(•, t) verify 

^1/2 



^+\ 1/2 

|(tL)i/V*V,(x)|2- =||c^(L,.)/,(x,-)||, 

t J 



\r]±{z,t)\<C- 



zGr±,t >o. 



{\z\+tf/^-' 
From this, note that r > p{xo), By (4.1) and Lemma 2.1, we then have 



^r;(5)|B| JB 



e fjix)r]+iz,-)dz 



Po \ 1/po 



< 



PO \ 1/po 



,j, ,R,|R| , . , |e-^V,(x)|||r/+(z,.)||Mz| dx 
^„(B) B Jb \Jr+ / , 



< 



l/po 



1 + ^] dx'-ds 

p{x) s \^n{Bj)\Bj\Jc,{B) 



1 



l/po 



\frdy 
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Jo Vv-s/ Jb \ \p{xo)/ r J s 



provided N > n + rj. This plus the corresponding term for r_ yield 

1 /• \^^*"' / 1 r \^^*"' 

■gLirdx < C2^(^-+v-N) ^^^ / \f\P0dy . (5.8) 



Combining (5.7) and (5.8), we obtain (3.8) holds whenever N > n + rj. □ 

5.3. Proof of Theorem 5.1(b) 

To prove Theorem 5.1 (b), we introduce the following operator. Define for / G L|^ and 

dt 



nf{x)= (tL)V2e-*V(x,t)^. 
JO t 



Recall that (tL)i/2e"*^/(x, t) = {tL)'^/'^e-^^{f{-,t)){x). Hence, Tl maps ^-valued func- 
tions to C- valued functions. For / G L|^ and /i G L^, we have 



-dt 



TLfhdx= I / /(x,t)(tL*)V2e-*i*/i(x)— dx. 



where L* is the adjoint of L, hence. 



Tifhdx 



< / \\f{x,.)\\gL*ih)ix)dx. 



Since gi* is bounded on L'^ for 1 < p < 00. This and a density imply that Tl has a 
bounded extension from L^ to L^. We next give a weighted result for the operator T^. 

Lemma 5.3. Let 1 < p < 00 and uj G AP;°° , then for all f G L^(R"' x (0, 00)) we 
have 

\\TLf\\LHu>) <C\\f h^iu.)- 

Hence, Tl has a bounded extension from Ly^{uj) to U'{lli). 
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Proof. We will apply Theorem 3.2 with k = 0(its vector-valued extension) with under- 
lying measure dx and weight uj to linear operator T = Tl and Aj. = I — {I — e"^ ^)^ , 
M G N large enough. Adapting similar to the proof of Theorem 5.1, we can obtain the 
desired result. We omit the details here. □ 

Proof of Theorem 5.1 (b). Let / G L^ and define F by F{x,t) = {tLf/'^e~*^f{x). 
Note that F G L|^ since 1 1-^11^2 = ||5'l/||l2. By functional calculus on L? , we have 

f = 2 (tL)i/V*^F(.,t)^=2TLF (5.11) 

Jo t 

with convergence in L^. Note that e~ has an infinitesimal generator on LP{oj) for \ < p < 

oo. Let us call Lp^^^ this generator. In particular e~^^ and e"*^'''" agree on U'{ijj) p| L? . Our 

assert that Lp^^ has a bounded holomorphic functional calculus on I/'{u}), hence replacing 

L by Lp,^ and / G L^ by / G LP{uj), we see that F G -L^(a;) with ||F||ip(^) = II^Lp.^/IIlpH 

and (5.11) is valid with convergence in L^(uj). Thus, by Lemma 5.3, 

Note that gif = gL,,J when / G L^ p ^^(a;) and Tl = Tl^^^F when F e L'^f]LP^{uj).a 

5.4. Proof of Theorem 5.1(c) 

To prove Theorem 5.1(c), it suffices to show the following Lemma. 

Lemma 5.4. Suppose uj £ A^' and B = B{xQ,r). Then for suppf C B, 



j 

Jr 



"\2B{xo,r) 



\9Lil 



-r^L 



)fix)\u;ix)dx < C / \f{y)\u{y)dy. 



B 



Proof. In fact. 



/ 

JR 



"\2B{xo,r) 



|<7L(l-e-^'^)/(x)|a;(x)dx< 



"\2B{xo,r) 



'f{x)r]+{z,-)dz 



-zL 



V- 



f{x)v+{z,-)dz 



(5.9) 

uj{x)dx 
iu{x)dx 



l"\2B{xo,r) 

:= h + h- 
We only give the estimate for Ii, I2 is similar. Then for any A^ large enough, we have 



h< I I \e 

^\2B{xo,r) Jr+ 



< 



-zL 



r+ JR"\2B{xo,r) 

00 



f{x)\\\v+{z, ■)\\\dz\u}{x)dx 
^ f{x)\uj{x)dx-^—pT\dz\ 



< C 



< C 



BJO 



"\2B{xo,r) JB V Piy) 



S-n/2 1 + 41 
"\B(y,r) \ p{y) 



"5 I -n/2 -o|x-j/|2/2s 



S ' e 



\fiy)\dyuj{x)dx^ds 



M^-y\V-^^uj{x)dxe-'''''/^''^ds\fiy)\dy 



<C I I e 

IB Jo 



00 ^2 

.2 n„ I 



-^■' /^^-ds\f{y)\u:{y)dy <C j \f{y)Hy)dy. 
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Thus, (5.9) holds. D 

5.5. Proof of Theorem 5.2 

We first prove Theorem 5.2(a). In fact, adapting the similar proof of Theorem 5.1(a), we 
can prove (3.7), (3.8) and (3.9) hold. We omit the details here. 

To prove Theorem 5.2(b), it suffices to show the following Lemma. 

Lemma 5.5. Suppose b G BMOe{p), u £ A^' \ and B = B{xo,r) with r < 
p{xq). Then for any f G L^{^) ctnd supp/ C B 



L 



\{h{x) - hB)gL{l - e-'-"'^)f{x)\uj{x)dx < C / \f{y)\Lo{y)dy. (5.10) 

\2B{a;o,r) JB 



Proof. In fact. 



^\2B{xo,r) 



mx) - bB)9L{l - e-'''^)fix)\io{x)dx 



< 



^\2B(xo,r) 



{h{x)-bB)e-'^f{x)ii+{z,-)dz 



oj{x)dx 



+ 



{b{x)-bB)e-'''f{x)v+{z,-)dz 



oj{x)dx 



^\2B{xo,r) 

We only give the estimate for /i, I2 is similar. Then for any N large enough, we have 
h< I I \e-^'^f{x)\\\^+{z,-)\\\dz\u{x)dx 

jR"\2B{xo,r) Jr+ 

< f f \e-'^f{x)\uj{x)dx-!—\dz\ 

Jr+ JE"\2_B(xo,r) pI 

<C r f / 1 + 41 .-«/2(6(x) - 6B)e'"l^-^l'/2^ 

Jo JM"\2B{xo,r)JB \ P{V) J 

J2 



x\f{y)\dyuj{x)dx^ds 



-N 



<c 



-n/2 



1 + 



B Jo JM"\B{y,r) 



p{y) . 



{b{x) - 6ij)e-"l^-^l'/2^w(x)dx 



^e-"rV2sL^ds\f{y)\dy 



< C\\b\\BMOg{p) I J e 



00 „2 

2 /9c ' 



-ar'^ /2s'_ 



ds\f{y)\uj{y)dy 



<C\\b\\BMOe{p) \f{y)\^{y)dy. 



Thus, (5.10) holds. 
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